The aim of this paper is to consider the rings which can be graded by completely simple semigroups. We show that each G-graded ring has an orthonormal basis, where G is a completely simple semigroup. We prove that if I is a complete homogeneous ideal of a G-graded ring R, then R/I is a G-graded ring. We deduce a characterization of the maximal ideals of a G-graded ring which are homogeneous. We also prove that if R is a Noetherian graded ring, then each summand of it is also a Noetherian module.
Introduction
"Grading" is one of the interesting subjects in algebra [3] . We would like to introduce a kind of grading by using a class of semigroups. For this purpose we assume that R is a commutative ring with an identity and G is a generalized group [7] . We recall that a semigroup (G, .) is called a generalized group if it satisfies following two properties:
(i) For each g ∈ G there exists a unique e(g) ∈ G such that ge(g) = e(g)g = g;
(ii) For each g ∈ G there exists a g −1 ∈ G such that gg −1 = g −1 g = e(g).
If g ∈ G, then e −1 ({e(g)}) is denoted by Gg and it is a group with the identity e(g). Another class of semigroups are the completely simple semigroups [6] , these have been characterized by Rees matrix semigroups [12] . In 2002, Araujo and Konieczny proved that generalized groups are equivalent to completely simple semigroups [1, 8] . For applications of generalized groups or completely simple semigroups one can refer to [4, 5, [9] [10] [11] .
We will now introduce a new kind of grading. Definition 1.1. R is called G-graded if there is a family {Rx|x ∈ G} of additive subgroups of R such that:
2) RxRy ⊆ Rxy for all x, y ∈ G. Each non-zero element of Rx is called a homogeneous element. Example 1.1. Let R be the ring K(x) × K(x), where K(x) is the polynomial ring on an arbitrary ring K. Moreover let G = {a, b, c, d}. We define on G the following product: 
is not a group grading. The reader must pay attention to this point that if in a generalized group G, xy ≠ yx, then RxRy = RyRx = {0}. This point may decrease the value of condition two of definition 1.1 but we show that this point let us introduce a kind of orthogonal basis for R.
We deduce a special decomposition for 1 ∈ R, by the members of R e(x) , where x ∈ G and e(x) is the identity of x.
In the next section we prove that: R can be graded by a generalized group G if and only if it has an orthonormal basis. In section three we consider complete homogeneous ideals of a G-graded ring. We show that the summation and intersection of a family of complete homogeneous ideals of a G-graded ring are also homogeneous ideals. A method for constructing new G-graded rings is deduced. Maximal ideals of a G-graded ring from the homogeneous point of view are characterized. We also find a condition for Noetherian property [2] of the G-graded rings.
Graded Rings and Orthonormal Bases
Let R be a G-graded ring, and let e(g) ∈ G be the identity of g ∈ G. Then R e(g) R e(g) ⊆ R e(g)e(g) = R e(g) . So R e(g) is closed under multiplication. Thus R e(g) is a subring of R. Lemma 2.1. If x, y ∈ G and xy ≠ yx, then RxRy = RyRx = {0}.
Proof. RxRy = RyRx because R is a commutative ring. Moreover RxRy ⊆ Rxy and RxRy = RyRx ⊆ Ryx. Since xy ≠ yx, then Rxy ∩ Ryx = {0}. Thus RxRy = RyRx = {0}. 2 Theorem 2.1. Rx is a R e(g) module for all g, x ∈ G.
Proof.
rx, where each rx ∈ Rx and all but finitely many of the rxs are zero.
Let y ∈ G with Ry ≠ 0. Then we choose ry ∈ Ry such that ry ≠ 0.
So r e(y) ≠ 0 and 
Lemma 2.2.
If R is an integral domain which is G-graded, then H = {x ∈ G | Rx ≠ {0}} is an Abelian group, and there is a ∈ G such that H ⊆ Ga, and every unit element of R is a homogeneous element.
Proof. decomposition implies the existence of x ∈ H such that rxs x −1 = 1, and ry = 0 for all y ≠ x. So r = rx. Thus every unit element is homogeneous.
Theorem 2.3. If R is a field which is G-graded, then there is an a ∈ G such that R = R e(a) .
Proof. Since R is an integral domain lemma 2.2 implies there is a ∈ G such that R = ⨁︁ x∈Ga Rx. Each nonzero element of R is an unit element, so R = ⋃︁ x∈Ga Rx. Suppose there exist two distinct elements x and y in Ga such that Rx ≠ {0} and Ry ≠ {0}. Then choose nonzero elements r ∈ Rx and s ∈ Ry. The uniqueness of decomposition shows that r + s ≠ 0. So there exist z ∈ Ga such that r + s ∈ Rz, which is a contradiction to the uniqueness of decomposition. So R = R e(a) .
We are now back to the general situation for R and we want to introduce some notation before introducing the concept of an orthonormal basis for a G-graded ring.
We know that there are r e(gi) ∈ R e(gi) , i ∈ {1, 2, . . . , n}, such that 1 =
The last equality follows form lemma 2.
Rx. 
Complete Homogeneous Ideals
In this section R is a G-graded ring where G is a generalized group. 
The last equality follows from this fact which for each Iγ is a complete homogeneous ideal.
Proposition 3.2.
If R is a G-graded ring and I is an ideal of R, then R/I can be graded.
Proof. Since R is a G-graded ring, then by theorem 2.6, R has an orthonormal basis, such as {a 1 , a 2 , . . . , an}. So {a 1 + I, a 2 + I, . . . , an + I} is an orthonormal basis for R/I. So R/I can be graded. 
Rx, then proposition 3.3 implies
We now prove that R e(ai 0 ) ∩ M is a maximal ideal of R e(ai 0 ) . We define
S is a subring of R and
is a maximal ideal of S. So R e(ai 0 ) ∩ M is a maximal ideal of R e(ai 0 ) .
We continue with the notation of theorem 3.2 in the following two results: Rx is a Noetherian ring, then for x ∈ Ga i , Rx is a Noetherian R e(ai) -module.
Proof. Let I 1 ⊆ I 2 ⊆ I 3 ⊆ . . . be a sequence of submodules of Rx. Then RI 1 ⊆ RI 2 ⊆ RI 3 ⊆ . . . . Since RI j is an ideal of R and R is a Noetherian ring, there is a natural number k such that RI k = RI k+1 = RI k+2 = · · · . So (RI k ) ∩ Rx = (RI k+1 ) ∩ Rx = (RI k+2 ) ∩ Rx = · · · . Now lemma 3.2 implies that I k = I k+1 = I k+2 = . . . . So Rx is a Noetherian R e(ai) -module.
